We have considered a cavity mode driven by coherent light and interacting with a threelevel atom available in an open cavity coupled to a vacuum reservoir. We have carried out our analysis by putting the noise operators associated with the vacuum reservoir in normal order. We have also considered the interaction of the three-level atom with the vacuum reservoir outside the cavity. It is found that the squeezing occurs in both the plus and the minus quadratures and the maximum quadrature squeezing happens to be 52.08% and 33.32% below the vacuum state level, respectively. We have established that the uncertainty relation holds perfectly for this case as well. In addition, we have found that the squeezing in a pair of superposed cavity modes occurs in the plus and minus quadratures and have the same value. The amount of squeezing in each quadrature turns out to be half of the sum of the squeezing in the plus and minus quadratures of each cavity mode. Furthermore, we have observed that the presence of spontaneous emission decreases the mean photon number of the cavity mode but does not affect the maximum quadrature squeezing.
Introduction
Quadrature squeezing is a nonclassical feature of light and constitutes an interesting subject of quantum optics. The quantum properties of squeezed light has been extensively studied by several authors [1] [2] [3] [4] [5] [6] [7] [8] . In a squeezed state the quantum noise in one quadrature is below the vacuum state level, with the product of the uncertainties in the two quadratures satisfying the uncertainty relation. Due to the quantum noise reduction achievable below the vacuum state level, squeezed light has potential applications in the detection of weak signals and in low-noise communications [9] .
There has been a considerable interest to generate squeezed light using various quantum optical processes such as subharmonic generation [9, 10 ] , second harmonic generation [1, 11] , and fourwave mixing [4, 5, 12] . Squeezed light can also be generated by a three-level laser under certain conditions [9, [13] [14] [15] [16] [17] [18] [19] . A three-level laser is a quantum optical system in which light is generated by three-level atoms inside a cavity usually coupled to a vacuum reservoir. When a three-level atom makes a transition from the top to bottom level via the intermediate level, two photons are emitted. The two photons are highly correlated and this correlation is responsible for the squeezing of the light produced by a three-level laser. Fesseha [15] has studied a three-level laser in which three-level atoms available in a closed cavity are pumped to the top level at a constant rate by means of electron bombardment. He has found a maximum global quadrature squeezing of 50% below the vacuum state level. Moreover, Fesseha [9] has considered a three-level laser in which the top and bottom levels of three-level atoms available in a closed cavity are coupled by coherent light. He has established that the three-level laser under certain conditions generates squeezed light with a maximum global quadrature squeezing of 50% below the vacuum state level.
Here we seek to study the quantum properties of the cavity mode driven by coherent light and interacting with a three-level atom available in an open cavity coupled to a vacuum reservoir via a single-port mirror as shown in Figure 1 . We carry out our calculation by putting the noise operators associated with the vacuum reservoir in normal order [20] and taking into consideration the interaction of the three-level atom with the vacuum reservoir outside the cavity. Thus taking into account the damping of the cavity modes by the reservoir and the interaction of the three-level atom with the resonant cavity modes as well as the vacuum reservoir outside the cavity, we obtain the quantum Langevin equations for the cavity modes. Moreover, using the master equation we derive the equations of evolution of the expectation values of atomic operators. Employing the steady-state solutions of the equations of evolutions of the cavity modes and the atomic operators, we determine the mean photon number and the global quadrature squeezing of the cavity mode. We also calculate the mean photon number and the global quadrature squeezing of a pair of superposed cavity modes.
Operator dynamics
We consider here the case in which a three-level atom in a cascade configuration is available in an open cavity driven by coherent light and coupled to a vacuum reservoir via a single-port mirror. We denote the top, intermediate, and bottom levels of a three-level atom by |a , |b , and |c , respectively. The atom absorbs a photon from the cavity and makes a transition from the bottom level to the top level. Then it emits a photon and decays to the intermediate level. Finally, the atom emits another photon and decays to the bottom level. Moreover, spontaneous emission takes place from |a to |b , |b to |c , and |a to |c with the same emission decay constant. We wish to call the light emitted from the top level cavity mode a 1 and the one emitted from the intermediate level cavity mode a 2 . In addition, we represent the cavity mode driven by coherent light by the operatorb.
The interaction of the driving coherent light with the resonant cavity mode can be described by the HamiltonianĤ
whereĉ andb are the annihilation operators for the driving coherent light and the cavity mode, respectively and λ is the coupling constant. In order to have a mathematically manageable analysis, we replace the operatorĉ by a real and constant c-number µ. On account of this, we can rewrite Eq. (1) asĤ
where η = λµ. In addition, the interaction of a three-level atom with the resonant cavity modes b, a 1 , and a 2 can be described by the Hamiltonian 
are lowering atomic operators,â 1 (â 2 ) is the annihilation operator for the cavity mode a 1 (a 2 ), with g being the coupling constant between the atom and the cavity mode b or a 1 or a 2 . Hence taking into account Eqs. (2) and (3), the total Hamiltonian of the system under consideration can be put in the formĤ
We carry out our calculation by putting the noise operators associated with the vacuum reservoir in normal order. Thus the noise operators will not have any effect on the dynamics of the cavity mode operators. We can therefore drop the noise operators and write the quantum Langevin equations for the operatorsâ 1 ,â 2 , andb as
where κ is the cavity damping constant. Then with the aid of Eq. (7) and following the discussion given in Ref [21] , we easily find
On the other hand, the master equation for a three-level atom interacting with the cavity modes and the vacuum reservoir outside the cavity can be written as [9] 
where γ is the spontaneous emission decay constant. Now with the aid of Eq. (3), one can put (14) in the form
Furthermore, applying the relation
along with Eq. (15) and the cyclic property of the trace operation, one can readily establish that
We see that Eqs. (17)- (21), are nonlinear differential equations and hence it is not possible to obtain the exact time dependent solutions of these equations. We intend to overcome this problem by applying the large-time approximation [20] . Then using this approximation scheme, we get from Eqs. (11), (12) , and (13) the approximately valid relationŝ
Evidently, these would turn out to be exact relations at steady state. Introducing Eqs. (24), (25), and (26) into Eqs. (17)- (21), we get
where
is the stimulated emission decay constant and ε is defined by
We note that the steady-state solutions of Eqs. (27)-(31) are given by
Applying Eqs. (34) and (35), we easily find
Furthermore, with the aid of the identityη
we see that η a + η b + η c = 1.
We interpret η a , η b , and η c as the probabilities for the three-level atom to be in the upper, intermediate, and bottom levels, respectively. Now using Eq. (41) along with Eqs. (36), (37), and (38), we easily find 
Cavity mode b
Here we wish to calculate the mean photon number and the quadrature squeezing of the cavity mode b at steady state.
The mean photon number
The mean photon number for the cavity mode b at steady state is defined byn = b †b . Then applying Eq. (26), we easily findn
The first term represents the mean photon number for the cavity mode b due to the driving coherent light, the second term represents the mean number of photons absorbed by the atom, and the third term represents the mean number of photons emission by the three-level atom. Now on account of Eqs. (42) and (43) along with (33), we obtain
In the absence of spontaneous emission (γ = 0) the mean photon number for the cavity mode b takes the formn
The plots in Figure 2 show that the presence of spontaneous emission decreases the mean photon number of the cavity light.
Quadrature squeezing
We next wish to calculate the quadrature squeezing of the cavity mode. To this end, the squeezing properties of the cavity mode are described by two quadrature operators defined bŷ
andb
It can be readily established that
The uncertainty relation for two physical observables A and B, satisfying the commutation relation
has the form ∆A∆B ≥ 1 2 Ĉ .
It then follows that
Upon substituting Eqs. (43) and (44) into Eq. (53), we have
On setting ε = 0 in Eq. (54), we see that
This represents the quadrature uncertainty relation for a vacuum state. The variances of the plus and the minus quadrature operators are expressible as
Now employing Eq. (26), one can easily verify that On account of Eqs. (45), (59), (60), (61), and (62), we readily obtain
Therefore, in view of Eqs. (42), (43), and (44), we get
Upon setting ε = 0, in Eqs. (65) and (66), we have
This indeed represents the quadrature variance of the cavity vacuum state in which the uncertainties in the two quadratures are equal and satisfy the minimum uncertainty relation given by Eq. (56). From the plots in Figure 3 , we observe that both (∆b + ) 2 and (∆b − ) 2 are below the quadrature variance of the vacuum state. This is just unexpected result. We then see that the cavity mode b is in a squeezed state in the plus as well as in the minus quadrature. With the aid of Eqs. (65) and (66), one can write
We note from the plots in Figure 4 that the plots for f b (ε) (solid curve) and f a (ε) (dashed curve) are equal for 0 < ε ≤ 0.03. However, the plot for f b (ε) is greater than the plot for f a (ε) for ε > 0.03. On the basis of these results, we realize that the cavity mode b satisfies the uncertainty relation. The squeezing of the plus and the minus quadratures of the cavity mode b are defined relative to the quadrature variance of the vacuum state as [9] 
Hence in view of (65), (66), and (67), one can put Eqs. (70) and (71) in the form
The maximum squeezing for the plus quadrature ( Figure 5 ) is 52.08% in the presence (dashed curve) or absence (solid curve) of spontaneous emission and occurs at ε = 0.6 or ε = 0.37, respectively. On the other hand, the squeezing of the plus quadrature in the presence of spontaneous emission is less than the squeezing of the plus quadrature in the absence of spontaneous emission for 0 < ε ≤ 0.48. But the squeezing of the plus quadrature in the absence of spontaneous emission is less than that of the squeezing of the plus quadrature in the presence of spontaneous emission for ε > 0.48. In addition, we see from the plots in Figure 6 that the maximum squeezing for the minus quadrature is 33.32% in the presence or absence of spontaneous emission and occurs for ε ≥ 15.
Superposed cavity modes
In this section we seek to calculate the mean photon number and the global quadrature squeezing of a pair of superposed cavity modes each driven by coherent light and interacting with a three-level atom. To this end, we wish to represent the two cavity modes by the annihilation operatorsâ and b. We represent the superposed cavity modes by the operatorĉ. We then obtain the equation of evolution for the superposed cavity modes. Applying the steady-state solution of the resulting equation, we calculate the mean photon number and the global quadrature squeezing.
According to Fesseha [21] , we can define the operator representing the superposition of the cavity modes byĉ =â + ib.
Applying this equation, one can write
On the basis of Eq. (13), one can write the equation of evolution for the cavity modes a and b as
and
there follows
In view of Eq. (74), we rewrite Eq. (78) as
are lowering atomic operators and s stands for superposition. The steady-state solution of Eq.
In addition, with the aid of Eq. (80), one can readily verify that
whereη a andη ′ a representing the probability for atoms to be in the upper level, andη c andη ′ 
On setting ε = 0 in Eqs. (112) and (113), the quadrature variance for a vacuum state takes the form
Moreover, on account of Eqs. (112) and (113), one can write
Comparison of Eqs. (112) and (113) with Eq. (114) shows that the superposed cavity modes are in a squeezed state and the squeezing occurs in both the plus and the minus quadratures. In addition, we note from the plots in Figure 7 that f d (ε) = f c (ε) for values of ε 0 < ε < 0.08 and f d (ε) > f c (ε) for ε > 0.08. On the basis of this result, we observe that the quadratures perfectly satisfy the uncertainty relation. This is a similar result found in [23] .
We now proceed to calculate the quadrature squeezing of the superposed cavity modes. To this end, we define the quadrature squeezing of the superposed cavity modes relative to the quadrature variance of the vacuum state by
Now in view of Eqs. (112) and (113), the plus and the minus quadrature squeezing of the superposed cavity modes takes the form
S sup− = 1 − 6ε 4 + (γ c + γ) 2 (3ε 2 + (γ c + γ) 2 ) (3ε 2 + (γ c + γ) 2 ) 2 .
Taking into account Eqs. (72) and (73), we can write
This equation represents the squeezing of the superposed cavity modes occurs in both quadratures and have the same value. The amount of squeezing in each quadrature turns out to be half of the sum of the squeezing in the plus and minus quadratures of each cavity mode.
Conclusion
We have found that the variance in the plus and minus quadratures of the cavity mode are below the vacuum state level. However, the product of the uncertainties in the two quadratures perfectly satisfy the uncertainty relation. We have established that the maximum squeezing of the plus and the minus quadratures are 52.08% and 33.32% below the vacuum state level, respectively. On the other hand, the squeezing of the superposed cavity modes occurs in both quadratures and have the same value. The amount of squeezing in each quadrature turns out to be half of the sum of the squeezing in the plus and the minus quadratures of each cavity mode. Furthermore, we have noticed that the effect of spontaneous emission decreases the mean photon number of the cavity mode but does not affect the maximum quadrature squeezing.
